
General understanding of 

governing equations in 

turbulent flow
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Text book references: And Introduction to Boundary Meteorology, R.B. Stull, chapter 3

Modelling wind and dispersion in urban environments



Learning Objectives:

• Recognise the terms within the flow equations 

• Apply mean averaging to the flow equations
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After this class, you will be able to:  



Outline of the class:
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1. Methodology 

2. Basic governing equations 

3. Equations for mean variables in a turbulent flow 

4. Wrap-up
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Methodology
Today it’s gonna be a long day….we will do some derivations, that are sometimes long, so to not 

lose sight of what we are doing, I’m summarising the main steps to develop prognostic equations 

for mean quantities such as temperature and wind:

Step 1

Step 2

Step 3

Step 4

Step 5

Step 6

Step 7

Identify the basic governing equations that apply to the ABL

Expand the total derivatives into the local and advective contributions

Expand dependent variables within those equations into mean and turbulent parts 

(perturbations)

Apply Reynolds averaging to get the equations for mean variables within a turbulent flow

Add the continuity equation to put the result into flux form

Next class…

Next class…
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Basic Governing Equations

We will explore 6 basic governing equations:

1. Equation of State (Ideal Gas Law) 

2. Conservation of Mass (Continuity Equation) 

3. Conservation of Momentum (Newton’s Second Law) 

4. Conservation of Moisture 

5. Conservation of Heat (First Law of Thermodynamics) 

6. Conservation of a Scalar quantity (pollutant)
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Basic Governing Equations
Equation of state (Ideal Gas Law)

In general, fluids are complex and there are several types of properties that will a�ect the way a fluid will
behave in its environment. For the purpose of this course, we will focus on air flows and specifically in the
Atmospheric Boundary Layer, which can be considered as an incompressible and fully turbulent flow.

3.1 Methodology

To quantitatively describe and forecast the state of the boundary layer, we look at the equations of fluid
mechanics that describe the dynamics and thermodynamics of the gases in the atmosphere. These equations
are known as equations of motion, containing time and space derivatives that require initial and boundary
conditions for their solution. The complete set of equations applied to the any bounddary layer are so complex
that no analytical solution is know, thus we are forced to find approximate solutions (through models).

These are the common steps taken to develop the prognostic equations for mean quantities such as wind or
temperature:

1. Identify the basic governing equations that apply to the boundary layer.

2. Expad the total derivatives into the local and advective contributions.

3. Expand the dependent variables within those equations into mean dna turbulent (perturbation) parts.

4. Apply Reynolds averaging to get the equations for mean variables within a turbulent flow.

5. Add the continuity equation to put the result into fluc form.

6. Substract the equations of step 5 from the corresponding ones of step 3 to get the equations for the
turbulent departures from the mean.

7. Multiply the results of step 6 by other turbulent quantities ands Reynolds average to yield prognostic
equations for turbulence statistics such as kinematic fluc or turbulence kinetic energy.

3.2 Basic Governing Equations

The basic equations that form the foundation of boundary layer meteorology are: the equation of state
and the conservation equations for mass, momentum, moisture, and heat. Additional equations for scalar
quantities, such as pollutant concentration may be added.

3.2.1 Equation of state (ideal gas law)

The ideal gas law describes the state of gases in the boundary layer:

p = flairRTv (33)

where p is pressure, flair is the density of moist air, Tv is the virtual absolute temperature, and R is the gas
constant for dry air (R = 287J/kgK).

3.2.2 Conservation of Mass (Continuity Equation)

ˆfl

ˆt
+ ˆ (flUj)

ˆxj
= 0 (34)

21

p: pressure [Pa]

⍴air: density of moist air[kg/m3]

R: gas constant for dry air 287K/Kkg

Tv: virtual absolute temperature

The idea gas equation describes the state of gases in the boundary layer.  

We will not use it in our class, since the simulations we will run will not include phase 

changes, nor rain or clouds
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Basic Governing Equations
Conservation of Mass (continuity equation)

t: time [s]

⍴: density [kg/m3]

Uj: velocity [m/s], j=1,2,3 (U,V,W)

xj: length space [m], j=1,2,3 (x,y,z)

In general, fluids are complex and there are several types of properties that will a�ect the way a fluid will
behave in its environment. For the purpose of this course, we will focus on air flows and specifically in the
Atmospheric Boundary Layer, which can be considered as an incompressible and fully turbulent flow.

3.1 Methodology

To quantitatively describe and forecast the state of the boundary layer, we look at the equations of fluid
mechanics that describe the dynamics and thermodynamics of the gases in the atmosphere. These equations
are known as equations of motion, containing time and space derivatives that require initial and boundary
conditions for their solution. The complete set of equations applied to the any bounddary layer are so complex
that no analytical solution is know, thus we are forced to find approximate solutions (through models).

These are the common steps taken to develop the prognostic equations for mean quantities such as wind or
temperature:

1. Identify the basic governing equations that apply to the boundary layer.

2. Expad the total derivatives into the local and advective contributions.

3. Expand the dependent variables within those equations into mean dna turbulent (perturbation) parts.

4. Apply Reynolds averaging to get the equations for mean variables within a turbulent flow.

5. Add the continuity equation to put the result into fluc form.

6. Substract the equations of step 5 from the corresponding ones of step 3 to get the equations for the
turbulent departures from the mean.

7. Multiply the results of step 6 by other turbulent quantities ands Reynolds average to yield prognostic
equations for turbulence statistics such as kinematic fluc or turbulence kinetic energy.

3.2 Basic Governing Equations

The basic equations that form the foundation of boundary layer meteorology are: the equation of state
and the conservation equations for mass, momentum, moisture, and heat. Additional equations for scalar
quantities, such as pollutant concentration may be added.

3.2.1 Equation of state (ideal gas law)

The ideal gas law describes the state of gases in the boundary layer:

p = flairRTv (33)

where p is pressure, flair is the density of moist air, Tv is the virtual absolute temperature, and R is the gas
constant for dry air (R = 287J/kgK).

3.2.2 Conservation of Mass (Continuity Equation)

ˆfl

ˆt
+ ˆ (flUj)

ˆxj
= 0 (34)

21
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Basic Governing Equations
Conservation of Mass (continuity equation)

t: time [s]

⍴: density [kg/m3]

Uj: velocity [m/s], j=1,2,3 (U,V,W)

xj: length space [m], j=1,2,3 (x,y,z)

In general, fluids are complex and there are several types of properties that will a�ect the way a fluid will
behave in its environment. For the purpose of this course, we will focus on air flows and specifically in the
Atmospheric Boundary Layer, which can be considered as an incompressible and fully turbulent flow.

3.1 Methodology

To quantitatively describe and forecast the state of the boundary layer, we look at the equations of fluid
mechanics that describe the dynamics and thermodynamics of the gases in the atmosphere. These equations
are known as equations of motion, containing time and space derivatives that require initial and boundary
conditions for their solution. The complete set of equations applied to the any bounddary layer are so complex
that no analytical solution is know, thus we are forced to find approximate solutions (through models).

These are the common steps taken to develop the prognostic equations for mean quantities such as wind or
temperature:

1. Identify the basic governing equations that apply to the boundary layer.

2. Expad the total derivatives into the local and advective contributions.

3. Expand the dependent variables within those equations into mean dna turbulent (perturbation) parts.

4. Apply Reynolds averaging to get the equations for mean variables within a turbulent flow.

5. Add the continuity equation to put the result into fluc form.

6. Substract the equations of step 5 from the corresponding ones of step 3 to get the equations for the
turbulent departures from the mean.

7. Multiply the results of step 6 by other turbulent quantities ands Reynolds average to yield prognostic
equations for turbulence statistics such as kinematic fluc or turbulence kinetic energy.

3.2 Basic Governing Equations

The basic equations that form the foundation of boundary layer meteorology are: the equation of state
and the conservation equations for mass, momentum, moisture, and heat. Additional equations for scalar
quantities, such as pollutant concentration may be added.

3.2.1 Equation of state (ideal gas law)

The ideal gas law describes the state of gases in the boundary layer:

p = flairRTv (33)

where p is pressure, flair is the density of moist air, Tv is the virtual absolute temperature, and R is the gas
constant for dry air (R = 287J/kgK).

3.2.2 Conservation of Mass (Continuity Equation)

ˆfl

ˆt
+ ˆ (flUj)

ˆxj
= 0 (34)

21

If V<100m/s &&  L<12km && L< Cs
2/g && L< Cs/f, where Cs is the speed sound (343 m/

s) and f is the frequency of any pressure waves that might occur:

9



Basic Governing Equations
Conservation of Mass (continuity equation)

t: time [s]

⍴: density [kg/m3]

Uj: velocity [m/s], j=1,2,3 (U,V,W)

xj: length space [m], j=1,2,3 (x,y,z)

In general, fluids are complex and there are several types of properties that will a�ect the way a fluid will
behave in its environment. For the purpose of this course, we will focus on air flows and specifically in the
Atmospheric Boundary Layer, which can be considered as an incompressible and fully turbulent flow.

3.1 Methodology

To quantitatively describe and forecast the state of the boundary layer, we look at the equations of fluid
mechanics that describe the dynamics and thermodynamics of the gases in the atmosphere. These equations
are known as equations of motion, containing time and space derivatives that require initial and boundary
conditions for their solution. The complete set of equations applied to the any bounddary layer are so complex
that no analytical solution is know, thus we are forced to find approximate solutions (through models).

These are the common steps taken to develop the prognostic equations for mean quantities such as wind or
temperature:

1. Identify the basic governing equations that apply to the boundary layer.

2. Expad the total derivatives into the local and advective contributions.

3. Expand the dependent variables within those equations into mean dna turbulent (perturbation) parts.

4. Apply Reynolds averaging to get the equations for mean variables within a turbulent flow.

5. Add the continuity equation to put the result into fluc form.

6. Substract the equations of step 5 from the corresponding ones of step 3 to get the equations for the
turbulent departures from the mean.

7. Multiply the results of step 6 by other turbulent quantities ands Reynolds average to yield prognostic
equations for turbulence statistics such as kinematic fluc or turbulence kinetic energy.

3.2 Basic Governing Equations

The basic equations that form the foundation of boundary layer meteorology are: the equation of state
and the conservation equations for mass, momentum, moisture, and heat. Additional equations for scalar
quantities, such as pollutant concentration may be added.

3.2.1 Equation of state (ideal gas law)

The ideal gas law describes the state of gases in the boundary layer:

p = flairRTv (33)

where p is pressure, flair is the density of moist air, Tv is the virtual absolute temperature, and R is the gas
constant for dry air (R = 287J/kgK).

3.2.2 Conservation of Mass (Continuity Equation)
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+ ˆ (flUj)

ˆxj
= 0 (34)
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Basic Governing Equations
Conservation of Mass (continuity equation)

t: time [s]

⍴: density [kg/m3]

Uj: velocity [m/s], j=1,2,3 (U,V,W)

xj: length space [m], j=1,2,3 (x,y,z)

In general, fluids are complex and there are several types of properties that will a�ect the way a fluid will
behave in its environment. For the purpose of this course, we will focus on air flows and specifically in the
Atmospheric Boundary Layer, which can be considered as an incompressible and fully turbulent flow.

3.1 Methodology

To quantitatively describe and forecast the state of the boundary layer, we look at the equations of fluid
mechanics that describe the dynamics and thermodynamics of the gases in the atmosphere. These equations
are known as equations of motion, containing time and space derivatives that require initial and boundary
conditions for their solution. The complete set of equations applied to the any bounddary layer are so complex
that no analytical solution is know, thus we are forced to find approximate solutions (through models).

These are the common steps taken to develop the prognostic equations for mean quantities such as wind or
temperature:

1. Identify the basic governing equations that apply to the boundary layer.

2. Expad the total derivatives into the local and advective contributions.

3. Expand the dependent variables within those equations into mean dna turbulent (perturbation) parts.

4. Apply Reynolds averaging to get the equations for mean variables within a turbulent flow.

5. Add the continuity equation to put the result into fluc form.

6. Substract the equations of step 5 from the corresponding ones of step 3 to get the equations for the
turbulent departures from the mean.

7. Multiply the results of step 6 by other turbulent quantities ands Reynolds average to yield prognostic
equations for turbulence statistics such as kinematic fluc or turbulence kinetic energy.

3.2 Basic Governing Equations

The basic equations that form the foundation of boundary layer meteorology are: the equation of state
and the conservation equations for mass, momentum, moisture, and heat. Additional equations for scalar
quantities, such as pollutant concentration may be added.

3.2.1 Equation of state (ideal gas law)

The ideal gas law describes the state of gases in the boundary layer:

p = flairRTv (33)

where p is pressure, flair is the density of moist air, Tv is the virtual absolute temperature, and R is the gas
constant for dry air (R = 287J/kgK).

3.2.2 Conservation of Mass (Continuity Equation)

ˆfl

ˆt
+ ˆ (flUj)

ˆxj
= 0 (34)

21

If V<100m/s &&  L<12km && L< Cs
2/g && L< Cs/f, where Cs is the speed sound (343 m/

s) and f is the frequency of any pressure waves that might occur:

“incompressible flow”
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Basic Governing Equations
Conservation of Mass (continuity equation)

t: time [s]

⍴: density [kg/m3]

Uj: velocity [m/s], j=1,2,3 (U,V,W)

xj: length space [m], j=1,2,3 (x,y,z)

In general, fluids are complex and there are several types of properties that will a�ect the way a fluid will
behave in its environment. For the purpose of this course, we will focus on air flows and specifically in the
Atmospheric Boundary Layer, which can be considered as an incompressible and fully turbulent flow.

3.1 Methodology

To quantitatively describe and forecast the state of the boundary layer, we look at the equations of fluid
mechanics that describe the dynamics and thermodynamics of the gases in the atmosphere. These equations
are known as equations of motion, containing time and space derivatives that require initial and boundary
conditions for their solution. The complete set of equations applied to the any bounddary layer are so complex
that no analytical solution is know, thus we are forced to find approximate solutions (through models).

These are the common steps taken to develop the prognostic equations for mean quantities such as wind or
temperature:

1. Identify the basic governing equations that apply to the boundary layer.

2. Expad the total derivatives into the local and advective contributions.

3. Expand the dependent variables within those equations into mean dna turbulent (perturbation) parts.

4. Apply Reynolds averaging to get the equations for mean variables within a turbulent flow.

5. Add the continuity equation to put the result into fluc form.

6. Substract the equations of step 5 from the corresponding ones of step 3 to get the equations for the
turbulent departures from the mean.

7. Multiply the results of step 6 by other turbulent quantities ands Reynolds average to yield prognostic
equations for turbulence statistics such as kinematic fluc or turbulence kinetic energy.

3.2 Basic Governing Equations

The basic equations that form the foundation of boundary layer meteorology are: the equation of state
and the conservation equations for mass, momentum, moisture, and heat. Additional equations for scalar
quantities, such as pollutant concentration may be added.

3.2.1 Equation of state (ideal gas law)

The ideal gas law describes the state of gases in the boundary layer:

p = flairRTv (33)

where p is pressure, flair is the density of moist air, Tv is the virtual absolute temperature, and R is the gas
constant for dry air (R = 287J/kgK).

3.2.2 Conservation of Mass (Continuity Equation)

ˆfl

ˆt
+ ˆ (flUj)

ˆxj
= 0 (34)

21

If V<100m/s &&  L<12km && L< Cs
2/g && L< Cs/f, where Cs is the speed sound (343 m/

s) and f is the frequency of any pressure waves that might occur:

This equation is fundamental in CFD, whenever we solve flow around buildings, mass 

conservation must be ensured, this just means that whatever amount of fluid (air) enters 

the domain, needs to exit the domain.   

It is one of the quickest check to verify that your predictions are correct!

“incompressible flow”
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Questions so far?
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Basic Governing Equations
Conservation of Momentum (Newton’s 2nd Law)

The net forces on an object is equal to the mass of that object 

multiplied by the acceleration of the object:

1 2 3 4 5 6

Pressure 

gradient

Viscous  

stress
CoriolisAdvection GravityStorage + +-=- -
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Basic Governing Equations
Conservation of Momentum (Newton’s 2nd Law)

For the atmospheric boundary layer, the changes in the density are negligible compared to the changes of
velocity with space, consequently, we can consider the air as incompressible, an assume the incompressibility
approximation, that leads to the following formulation of continuity:

ˆUj

ˆxj
= 0 (35)

3.2.3 Conservation of Momentum (Newton’s Second Law)

The conservation of momentum equation can be formulated as:

ˆUi

ˆt
+ Uj

ˆUi

ˆxj
= ≠”i3g ≠ 2Áijk�jUk ≠ 1

fl

ˆp

ˆxi
+ 1

fl

ˆ·ij

ˆxj
(36)

I II III IV V VI

I: represents storage of momentum (inertia) II: describes advection III: allows gravity to act vertically IV:
describes the influence of the earth’s rotation (Coriolis e�ects) V: describes pressure-gradient forces VI:
represents the influence of the viscous stress

In term IV, the components of the angular velocity vector of the earth’s rotation �j are [0, Êcos(„), Êsin(„)]
where „ is the latitude and Ê = 2firadians/24h = 7.27x10≠5

s
≠1 is the angular velocity of the earth.

To a close approximation, air in the atmosphere behaves like a Newtonian fluid, so the expression in VI for
the viscous stress can be written as:

TermV I =
3

1
fl

4
ˆ

ˆxj

I
µ

5
ˆUi

ˆxj
+ ˆUj

ˆxi

6
≠

3
2
3

4
µ

5
ˆUk

ˆxk

6
”ij

J
(37)

Applying the derivative to each term, and assuming that the viscosity µ is not a function of position, and
rearranging, we can write the expression as:

TermV I =
3

µ

fl

4 I
ˆ

2
Ui

ˆx2
j

+ ˆ

ˆxi

5
ˆUj

ˆxj

6
≠

3
2
3

4
ˆ

ˆxi

5
ˆUk

ˆxk

6 J
(38)

By assuming incompressibility, this reduces to

TermV I = µ

fl

ˆ
2
Ui

ˆx2
j

(39)

Substituting term VI in the general conservation equation for momentum, we retrieve the most common
equation seen:

ˆUi

ˆt
+ Uj

ˆUi

ˆxj
= ≠”i3g ≠ 2Áijk�jUk ≠ 1

fl

ˆp

ˆxi
+ µ

fl

ˆ
2
Ui

ˆx2
j

(40)

I II III IV V VI

22

The net forces on an object is equal to the mass of that object 

multiplied by the acceleration of the object:

1 2 3 4 5 6

Represents the storage of momentum (inertia), which is the 

resistance of any object to any change in its velocity

storage
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For the atmospheric boundary layer, the changes in the density are negligible compared to the changes of
velocity with space, consequently, we can consider the air as incompressible, an assume the incompressibility
approximation, that leads to the following formulation of continuity:

ˆUj

ˆxj
= 0 (35)

3.2.3 Conservation of Momentum (Newton’s Second Law)

The conservation of momentum equation can be formulated as:

ˆUi

ˆt
+ Uj

ˆUi

ˆxj
= ≠”i3g ≠ 2Áijk�jUk ≠ 1

fl

ˆp

ˆxi
+ 1

fl

ˆ·ij

ˆxj
(36)

I II III IV V VI

I: represents storage of momentum (inertia) II: describes advection III: allows gravity to act vertically IV:
describes the influence of the earth’s rotation (Coriolis e�ects) V: describes pressure-gradient forces VI:
represents the influence of the viscous stress

In term IV, the components of the angular velocity vector of the earth’s rotation �j are [0, Êcos(„), Êsin(„)]
where „ is the latitude and Ê = 2firadians/24h = 7.27x10≠5

s
≠1 is the angular velocity of the earth.

To a close approximation, air in the atmosphere behaves like a Newtonian fluid, so the expression in VI for
the viscous stress can be written as:

TermV I =
3

1
fl

4
ˆ

ˆxj

I
µ

5
ˆUi

ˆxj
+ ˆUj

ˆxi

6
≠

3
2
3

4
µ

5
ˆUk

ˆxk

6
”ij

J
(37)

Applying the derivative to each term, and assuming that the viscosity µ is not a function of position, and
rearranging, we can write the expression as:

TermV I =
3

µ

fl

4 I
ˆ

2
Ui

ˆx2
j

+ ˆ

ˆxi

5
ˆUj

ˆxj

6
≠

3
2
3

4
ˆ

ˆxi

5
ˆUk

ˆxk

6 J
(38)

By assuming incompressibility, this reduces to

TermV I = µ

fl

ˆ
2
Ui

ˆx2
j

(39)

Substituting term VI in the general conservation equation for momentum, we retrieve the most common
equation seen:

ˆUi

ˆt
+ Uj

ˆUi

ˆxj
= ≠”i3g ≠ 2Áijk�jUk ≠ 1

fl

ˆp

ˆxi
+ µ

fl

ˆ
2
Ui

ˆx2
j

(40)

I II III IV V VI

22

1 2 3 4 5 6

Describes advection, which is the transport of a substance by bulk motion

Advection

Basic Governing Equations
Conservation of Momentum (Newton’s 2nd Law)

The net forces on an object is equal to the mass of that object 

multiplied by the acceleration of the object:
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For the atmospheric boundary layer, the changes in the density are negligible compared to the changes of
velocity with space, consequently, we can consider the air as incompressible, an assume the incompressibility
approximation, that leads to the following formulation of continuity:

ˆUj

ˆxj
= 0 (35)

3.2.3 Conservation of Momentum (Newton’s Second Law)

The conservation of momentum equation can be formulated as:

ˆUi

ˆt
+ Uj

ˆUi

ˆxj
= ≠”i3g ≠ 2Áijk�jUk ≠ 1

fl

ˆp

ˆxi
+ 1

fl

ˆ·ij

ˆxj
(36)

I II III IV V VI

I: represents storage of momentum (inertia) II: describes advection III: allows gravity to act vertically IV:
describes the influence of the earth’s rotation (Coriolis e�ects) V: describes pressure-gradient forces VI:
represents the influence of the viscous stress

In term IV, the components of the angular velocity vector of the earth’s rotation �j are [0, Êcos(„), Êsin(„)]
where „ is the latitude and Ê = 2firadians/24h = 7.27x10≠5

s
≠1 is the angular velocity of the earth.

To a close approximation, air in the atmosphere behaves like a Newtonian fluid, so the expression in VI for
the viscous stress can be written as:

TermV I =
3

1
fl

4
ˆ

ˆxj

I
µ

5
ˆUi

ˆxj
+ ˆUj

ˆxi

6
≠

3
2
3

4
µ

5
ˆUk

ˆxk

6
”ij

J
(37)

Applying the derivative to each term, and assuming that the viscosity µ is not a function of position, and
rearranging, we can write the expression as:

TermV I =
3

µ

fl

4 I
ˆ

2
Ui

ˆx2
j

+ ˆ

ˆxi

5
ˆUj

ˆxj

6
≠

3
2
3

4
ˆ

ˆxi

5
ˆUk

ˆxk

6 J
(38)

By assuming incompressibility, this reduces to

TermV I = µ

fl

ˆ
2
Ui

ˆx2
j

(39)

Substituting term VI in the general conservation equation for momentum, we retrieve the most common
equation seen:

ˆUi

ˆt
+ Uj

ˆUi

ˆxj
= ≠”i3g ≠ 2Áijk�jUk ≠ 1

fl

ˆp

ˆxi
+ µ

fl

ˆ
2
Ui

ˆx2
j

(40)

I II III IV V VI

22

1 2 3 4 5 6

Allows gravity to act vertically, ẟi3 is the “Kronecker delta”

Gravity

Basic Governing Equations
Conservation of Momentum (Newton’s 2nd Law)

The net forces on an object is equal to the mass of that object 

multiplied by the acceleration of the object:
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For the atmospheric boundary layer, the changes in the density are negligible compared to the changes of
velocity with space, consequently, we can consider the air as incompressible, an assume the incompressibility
approximation, that leads to the following formulation of continuity:

ˆUj

ˆxj
= 0 (35)

3.2.3 Conservation of Momentum (Newton’s Second Law)

The conservation of momentum equation can be formulated as:

ˆUi

ˆt
+ Uj

ˆUi

ˆxj
= ≠”i3g ≠ 2Áijk�jUk ≠ 1

fl

ˆp

ˆxi
+ 1

fl

ˆ·ij

ˆxj
(36)

I II III IV V VI

I: represents storage of momentum (inertia) II: describes advection III: allows gravity to act vertically IV:
describes the influence of the earth’s rotation (Coriolis e�ects) V: describes pressure-gradient forces VI:
represents the influence of the viscous stress

In term IV, the components of the angular velocity vector of the earth’s rotation �j are [0, Êcos(„), Êsin(„)]
where „ is the latitude and Ê = 2firadians/24h = 7.27x10≠5

s
≠1 is the angular velocity of the earth.

To a close approximation, air in the atmosphere behaves like a Newtonian fluid, so the expression in VI for
the viscous stress can be written as:

TermV I =
3

1
fl

4
ˆ

ˆxj

I
µ

5
ˆUi

ˆxj
+ ˆUj

ˆxi

6
≠

3
2
3

4
µ

5
ˆUk

ˆxk

6
”ij

J
(37)

Applying the derivative to each term, and assuming that the viscosity µ is not a function of position, and
rearranging, we can write the expression as:
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By assuming incompressibility, this reduces to

TermV I = µ
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Substituting term VI in the general conservation equation for momentum, we retrieve the most common
equation seen:
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Describes the influence of the Earth’s rotation (Coriolis effects), where Ωj is the angular 

velocity vector of the Earth’s rotation:

⍵: angular velocity of the Earth (2π radians/24h = 7.27 x 10-5 s-1)

ɸ: is the latitude

𝜀ijk: is the alternating unit tensor

~10-4 s-1 (ɸ=44°)Coriolis parameter

Coriolis

Basic Governing Equations
Conservation of Momentum (Newton’s 2nd Law)

The net forces on an object is equal to the mass of that object 

multiplied by the acceleration of the object:
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For the atmospheric boundary layer, the changes in the density are negligible compared to the changes of
velocity with space, consequently, we can consider the air as incompressible, an assume the incompressibility
approximation, that leads to the following formulation of continuity:
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= 0 (35)

3.2.3 Conservation of Momentum (Newton’s Second Law)

The conservation of momentum equation can be formulated as:
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I II III IV V VI

I: represents storage of momentum (inertia) II: describes advection III: allows gravity to act vertically IV:
describes the influence of the earth’s rotation (Coriolis e�ects) V: describes pressure-gradient forces VI:
represents the influence of the viscous stress

In term IV, the components of the angular velocity vector of the earth’s rotation �j are [0, Êcos(„), Êsin(„)]
where „ is the latitude and Ê = 2firadians/24h = 7.27x10≠5

s
≠1 is the angular velocity of the earth.

To a close approximation, air in the atmosphere behaves like a Newtonian fluid, so the expression in VI for
the viscous stress can be written as:
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Applying the derivative to each term, and assuming that the viscosity µ is not a function of position, and
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By assuming incompressibility, this reduces to
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Substituting term VI in the general conservation equation for momentum, we retrieve the most common
equation seen:
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Describes the pressure-gradient forces

Pressure 

gradient

Basic Governing Equations
Conservation of Momentum (Newton’s 2nd Law)

The net forces on an object is equal to the mass of that object 

multiplied by the acceleration of the object:
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By assuming incompressibility, this reduces to

TermV I = µ

fl

ˆ
2
Ui

ˆx2
j

(39)

Substituting term VI in the general conservation equation for momentum, we retrieve the most common
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Represents the influence of the viscous stress

Viscous  

stress

Assuming 

incompressibility

Basic Governing Equations
Conservation of Momentum (Newton’s 2nd Law)

The net forces on an object is equal to the mass of that object 

multiplied by the acceleration of the object:
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multiplied by the acceleration of the object:
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Pressure 

gradient

Viscous  

stress
CoriolisAdvection GravityStorage

Basic Governing Equations
Conservation of Momentum (Newton’s 2nd Law)

The net forces on an object is equal to the mass of that object 

multiplied by the acceleration of the object:
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Basic Governing Equations
Conservation of Moisture

We assume qT to be the total specific humidity of the air, which is the mass of water (all 

phases) per unit mass of moist air. Assuming incompressibility we can write:

1 2 5 7

3.2.4 Conservation of Moisture

We assume qT to be the total specific humidity of the air, which is the mass of water (all phases) per unit
mass of moist air. Assumin incompressibility, the conservation of water substance can be written through the
following expresion:

ˆqT

ˆt
+ Uj

ˆqT

ˆxj
= ‹q

ˆ
2
q

ˆx2
j

+ SqT

flair
(41)

I II VI VII

where ‹q is the molecular di�usivity for water vapor in the air. SqT is a net moisture source term, which
can be a sink or a source for th eremaining processes not already included in the equation. We could split
the total humidity into vapor (q) and non-vapor (q_L) parts using qT = q + qL and SqT = Sq + SqL , which
means that the previous equation can be written in two separated equations:

ˆq

ˆt
+ Uj

ˆq

ˆxj
= ‹q

ˆ
2
q

ˆx2
j

+ Sq

flair
+ E

flair
(42)

ˆqL

ˆt
+ Uj

ˆqL

ˆxj
= SqL

flair
+ E

flair
(43)

I II VI VII VIII

where E represents the mass of water vapor per unit volume per unit time being created by a phase change
from liquid or solid. Term VI accounts for the precipitation of liquid or solid water that is not advecting with
the wind. Terms I,II and VI are analogous to the corresponding terms in the momentum equation. Term VII
is a net body source term. Term VIII represents the conversion of solid or liquid into vapor.

As one can observe, the conservation of moisture is more complicated due to the solid/liquid/gas changes
that the fluid in consideration may su�er.

3.2.5 Conservation of Heat (First Law of Thermodynamics)

The first law of thermodynamics descrives the conservation of enthalpy, which includes contribuitons from
both sensible and latent heat transport. Simplified, the water vapor in air not only transports sensible heat
associated with its temperature, but it has the potential to release or absorfb additiona latent heat during
any phase changes that might occur.

To simplify the enthalpy conservation equations, we generally use the phase change information, E, contained
in the moisture conservation equations, which leads to an equation for ◊:

ˆ◊

ˆt
+ Uj

ˆ◊

ˆxj
= ‹◊

ˆ
2
◊

ˆx2
j

≠ 1
flCp

3
ˆQ

ú
j

ˆxj

4
≠ LpE

flCp
(44)

I II VI VII VIII

where ‹◊ is the thermal di�usivity, and Lp is the latent heat associated with the phase change of E. Q
ú
j is the

component of net radiation in the j
th direction. The specific heat for moist air at constant pressure, Cp.

Term I,II and VI are the storage, advection and molecular di�usion. Term VII is the body source term
associated with radiaation divergence. Term VIII is also the body source term associated with latent heat
released during phase changes.
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Net moisture 

source term
DiffusivityAdvectionStorage

Since νq is the molecular diffusivity for water vapour in air, term 5 is analogous to viscous 

stress in momentum equation. Term 7 includes sources/sinks of moisture

We won’t use this equation in our simulations, since we will consider dry air
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Basic Governing Equations
Conservation of Heat (1st Law of Thermodynamics)

The water vapour in air not only transports sensible heat associated with its temperature, but it 

has the potential to release or absorb additional latent heat during any phase changes that 

might take place:

1 2 5 7

Net heat 

source term 

radiation

DiffusivityAdvectionStorage

Since νθ is the thermal diffusivity, term 5 is analogous to viscous stress in momentum 

equation. Term 7 and 8 includes sources/sinks of moisture

We won’t use this equation in our simulations the year, since we will focus only on wind

3.2.4 Conservation of Moisture

We assume qT to be the total specific humidity of the air, which is the mass of water (all phases) per unit
mass of moist air. Assumin incompressibility, the conservation of water substance can be written through the
following expresion:
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where ‹q is the molecular di�usivity for water vapor in the air. SqT is a net moisture source term, which
can be a sink or a source for th eremaining processes not already included in the equation. We could split
the total humidity into vapor (q) and non-vapor (q_L) parts using qT = q + qL and SqT = Sq + SqL , which
means that the previous equation can be written in two separated equations:
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where E represents the mass of water vapor per unit volume per unit time being created by a phase change
from liquid or solid. Term VI accounts for the precipitation of liquid or solid water that is not advecting with
the wind. Terms I,II and VI are analogous to the corresponding terms in the momentum equation. Term VII
is a net body source term. Term VIII represents the conversion of solid or liquid into vapor.

As one can observe, the conservation of moisture is more complicated due to the solid/liquid/gas changes
that the fluid in consideration may su�er.

3.2.5 Conservation of Heat (First Law of Thermodynamics)

The first law of thermodynamics descrives the conservation of enthalpy, which includes contribuitons from
both sensible and latent heat transport. Simplified, the water vapor in air not only transports sensible heat
associated with its temperature, but it has the potential to release or absorfb additiona latent heat during
any phase changes that might occur.

To simplify the enthalpy conservation equations, we generally use the phase change information, E, contained
in the moisture conservation equations, which leads to an equation for ◊:
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where ‹◊ is the thermal di�usivity, and Lp is the latent heat associated with the phase change of E. Q
ú
j is the

component of net radiation in the j
th direction. The specific heat for moist air at constant pressure, Cp.

Term I,II and VI are the storage, advection and molecular di�usion. Term VII is the body source term
associated with radiaation divergence. Term VIII is also the body source term associated with latent heat
released during phase changes.
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Net heat 

source term 

latent heat

Lp is the latent heat related to the phase information E, while Q*j is the component of net 

radiation in the jth direction
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Basic Governing Equations
Conservation of scalar quantities (pollutants)

We assume C is the concentration (mass per volume [kg/m3]) of a scalar such as CO2 in the 

atmosphere. The conservation of pollutant mass follows:

1 2 5 7
Net CO2 

source term
DiffusivityAdvectionStorage

Since νc is the molecular diffusivity for CO2 in air, term 5 is analogous to viscous stress in 

momentum equation. Term 7 includes sources/sinks of CO2

3.2.6 Conservation of a Scalar Quantity (pollutant)

We assume C is the concentration (mass per volume (kg/m
3)) of a scalar such as CO2 is the atmosphere.

The conservation of this pollutant mass requires:

ˆC

ˆt
+ Uj

ˆC

ˆxj
= ‹C

ˆ
2
C

ˆx2
j

+ Sc (45)

I II VI VII

where nuC is the molecular di�usivity of C, and SC is the body source term for the remaining processes not
already considered within the equation, like for example chemical reactions, or sources.

3.3 Simplifications, Approximations and Scaling Arguments

Under certain conditions the magnitudes of some of the terms from the previous governing equations become
smaller than others, and thus, can be neglected. For this situations the equations beome simpler.

3.4 Equations for Mean Variables in Turbulent Flow
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Equations for Mean Variables in a Turbulent Flow
Since our problems will only focus in continuity and momentum conservation, we will only do 

the averaging exercise just for the continuity, as example. 

Averaging rules Reynolds averaging

Continuity equation:
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Equations for Mean Variables in a Turbulent Flow
Since our problems will only focus in continuity and momentum conservation, we will only do 

the averaging exercise just for the continuity, as example. 

2.2 Refresh some basic statistical methods

Because of the turbulent nature of fluids, statistics are key to study flow behaviour and characteristics. This
section goes through some basic methods of statistics such as mean, variance, standard deviation, covariance
and correlation.

2.2.1 Mean

We perform a mean accross di�erent dimensions. When we compute the mean of a signal that evolves in
time, in a single point, we are calculating the time average. Instead, if we consider a 2D field in one time
stamp, and we compute the mean accross the 2D space, we would be calculating the space average.

U = 1
N

N≠1ÿ

t=0
U(t) (8)

U = 1
Ni

1
Nj

Ni≠1ÿ

i=0

Nj≠1ÿ

j=0
U(i, j) (9)

2.2.2 Rules of averaging

There are some rules that are necessary throughout the derivation for mean flow quantities in the following
chapter, that are known as averaging rules. If we assume A and B are two variables dependent on time, and
c is a constance, the following is true:

(A + B) = A + B (10)

(cA) = cA (11)

(A) = A (12)

(AB) = AB (13)

(A + B) = A + B (14)

3
dA

dt

4
= dA

dt
(15)

14

Averaging rules Reynolds averaging

Continuity equation:
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2.2.3 Reynolds averaging

The averaging rules we have just overviewed can now be applied to variables that are split into mean and
turbulent parts as we have seen before (U = U + u

Õ). Let A = A + a
Õ and B = B + b

Õ, we can find the mean
value for A:

(A) = (A + aÕ) = A + aÕ æ aÕ = 0 (16)

This is not a surprising result looking at the signal at the bottom of figure 14, which oscillates around the
null value. Similarly, with the product:

(BaÕ) = BaÕ = B0 = 0 (17)

The average of the product of A and B is:

(AB) = (A + aÕ)(B + bÕ)

= AB + aÕB + bÕA + aÕbÕ

= (AB) + aÕB + bÕA + aÕbÕ

= AB + aÕbÕ

(18)

The nonlinear term aÕbÕ is NOT necessarily zero, and neither there are: aÕ2, aÕbÕ2, aÕ2bÕ2. In fact, we will see in
future lessons, that these terms need to be retained to properly model turbulence.

2.2.4 Variance, Standard Deviation and Turbulence Intensity

Variance is an statistical measure of the dispersion of data around the mean, defined as:

‡
2
A = 1

N

N≠1ÿ

t=0
(At ≠ A)2 (19)

If we recall the turbulent part of a turbulent variable as a
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Since our problems will only focus in continuity and momentum conservation, we will only do 
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We perform a mean accross di�erent dimensions. When we compute the mean of a signal that evolves in
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stamp, and we compute the mean accross the 2D space, we would be calculating the space average.

U = 1
N

N≠1ÿ

t=0
U(t) (8)

U = 1
Ni

1
Nj

Ni≠1ÿ

i=0

Nj≠1ÿ

j=0
U(i, j) (9)

2.2.2 Rules of averaging

There are some rules that are necessary throughout the derivation for mean flow quantities in the following
chapter, that are known as averaging rules. If we assume A and B are two variables dependent on time, and
c is a constance, the following is true:

(A + B) = A + B (10)

(cA) = cA (11)

(A) = A (12)

(AB) = AB (13)

(A + B) = A + B (14)

3
dA

dt

4
= dA

dt
(15)

14

2.2 Refresh some basic statistical methods

Because of the turbulent nature of fluids, statistics are key to study flow behaviour and characteristics. This
section goes through some basic methods of statistics such as mean, variance, standard deviation, covariance
and correlation.

2.2.1 Mean

We perform a mean accross di�erent dimensions. When we compute the mean of a signal that evolves in
time, in a single point, we are calculating the time average. Instead, if we consider a 2D field in one time
stamp, and we compute the mean accross the 2D space, we would be calculating the space average.

U = 1
N

N≠1ÿ

t=0
U(t) (8)

U = 1
Ni

1
Nj

Ni≠1ÿ

i=0

Nj≠1ÿ

j=0
U(i, j) (9)

2.2.2 Rules of averaging

There are some rules that are necessary throughout the derivation for mean flow quantities in the following
chapter, that are known as averaging rules. If we assume A and B are two variables dependent on time, and
c is a constance, the following is true:

(A + B) = A + B (10)

(cA) = cA (11)

(A) = A (12)

(AB) = AB (13)

(A + B) = A + B (14)

3
dA

dt

4
= dA

dt
(15)

14

2.2 Refresh some basic statistical methods

Because of the turbulent nature of fluids, statistics are key to study flow behaviour and characteristics. This
section goes through some basic methods of statistics such as mean, variance, standard deviation, covariance
and correlation.

2.2.1 Mean

We perform a mean accross di�erent dimensions. When we compute the mean of a signal that evolves in
time, in a single point, we are calculating the time average. Instead, if we consider a 2D field in one time
stamp, and we compute the mean accross the 2D space, we would be calculating the space average.

U = 1
N

N≠1ÿ

t=0
U(t) (8)

U = 1
Ni

1
Nj

Ni≠1ÿ

i=0

Nj≠1ÿ

j=0
U(i, j) (9)

2.2.2 Rules of averaging

There are some rules that are necessary throughout the derivation for mean flow quantities in the following
chapter, that are known as averaging rules. If we assume A and B are two variables dependent on time, and
c is a constance, the following is true:

(A + B) = A + B (10)

(cA) = cA (11)

(A) = A (12)

(AB) = AB (13)

(A + B) = A + B (14)

3
dA

dt

4
= dA

dt
(15)

14

2.2 Refresh some basic statistical methods

Because of the turbulent nature of fluids, statistics are key to study flow behaviour and characteristics. This
section goes through some basic methods of statistics such as mean, variance, standard deviation, covariance
and correlation.

2.2.1 Mean

We perform a mean accross di�erent dimensions. When we compute the mean of a signal that evolves in
time, in a single point, we are calculating the time average. Instead, if we consider a 2D field in one time
stamp, and we compute the mean accross the 2D space, we would be calculating the space average.

U = 1
N

N≠1ÿ

t=0
U(t) (8)

U = 1
Ni

1
Nj

Ni≠1ÿ

i=0

Nj≠1ÿ

j=0
U(i, j) (9)

2.2.2 Rules of averaging

There are some rules that are necessary throughout the derivation for mean flow quantities in the following
chapter, that are known as averaging rules. If we assume A and B are two variables dependent on time, and
c is a constance, the following is true:

(A + B) = A + B (10)

(cA) = cA (11)

(A) = A (12)

(AB) = AB (13)

(A + B) = A + B (14)

3
dA

dt

4
= dA

dt
(15)

14

2.2 Refresh some basic statistical methods

Because of the turbulent nature of fluids, statistics are key to study flow behaviour and characteristics. This
section goes through some basic methods of statistics such as mean, variance, standard deviation, covariance
and correlation.

2.2.1 Mean

We perform a mean accross di�erent dimensions. When we compute the mean of a signal that evolves in
time, in a single point, we are calculating the time average. Instead, if we consider a 2D field in one time
stamp, and we compute the mean accross the 2D space, we would be calculating the space average.

U = 1
N

N≠1ÿ

t=0
U(t) (8)

U = 1
Ni

1
Nj

Ni≠1ÿ

i=0

Nj≠1ÿ

j=0
U(i, j) (9)

2.2.2 Rules of averaging

There are some rules that are necessary throughout the derivation for mean flow quantities in the following
chapter, that are known as averaging rules. If we assume A and B are two variables dependent on time, and
c is a constance, the following is true:

(A + B) = A + B (10)

(cA) = cA (11)

(A) = A (12)

(AB) = AB (13)

(A + B) = A + B (14)

3
dA

dt

4
= dA

dt
(15)

14

2.2.3 Reynolds averaging

The averaging rules we have just overviewed can now be applied to variables that are split into mean and
turbulent parts as we have seen before (U = U + u

Õ). Let A = A + a
Õ and B = B + b

Õ, we can find the mean
value for A:

(A) = (A + aÕ) = A + aÕ æ aÕ = 0 (16)

This is not a surprising result looking at the signal at the bottom of figure 14, which oscillates around the
null value. Similarly, with the product:

(BaÕ) = BaÕ = B0 = 0 (17)

The average of the product of A and B is:

(AB) = (A + aÕ)(B + bÕ)

= AB + aÕB + bÕA + aÕbÕ

= (AB) + aÕB + bÕA + aÕbÕ

= AB + aÕbÕ

(18)

The nonlinear term aÕbÕ is NOT necessarily zero, and neither there are: aÕ2, aÕbÕ2, aÕ2bÕ2. In fact, we will see in
future lessons, that these terms need to be retained to properly model turbulence.

2.2.4 Variance, Standard Deviation and Turbulence Intensity

Variance is an statistical measure of the dispersion of data around the mean, defined as:
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If we recall the turbulent part of a turbulent variable as a
Õ = A ≠ A, we can directly derive that the variance

corresponds to the mean turbulent part squared of the signal:
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Equations for Mean Variables in a Turbulent Flow
Since our problems will only focus in continuity and momentum conservation, we will only do 

the averaging exercise just for the continuity, as example. 
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Because of the turbulent nature of fluids, statistics are key to study flow behaviour and characteristics. This
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and correlation.
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2.2.3 Reynolds averaging

The averaging rules we have just overviewed can now be applied to variables that are split into mean and
turbulent parts as we have seen before (U = U + u

Õ). Let A = A + a
Õ and B = B + b

Õ, we can find the mean
value for A:

(A) = (A + aÕ) = A + aÕ æ aÕ = 0 (16)

This is not a surprising result looking at the signal at the bottom of figure 14, which oscillates around the
null value. Similarly, with the product:

(BaÕ) = BaÕ = B0 = 0 (17)

The average of the product of A and B is:

(AB) = (A + aÕ)(B + bÕ)

= AB + aÕB + bÕA + aÕbÕ

= (AB) + aÕB + bÕA + aÕbÕ

= AB + aÕbÕ

(18)

The nonlinear term aÕbÕ is NOT necessarily zero, and neither there are: aÕ2, aÕbÕ2, aÕ2bÕ2. In fact, we will see in
future lessons, that these terms need to be retained to properly model turbulence.

2.2.4 Variance, Standard Deviation and Turbulence Intensity

Variance is an statistical measure of the dispersion of data around the mean, defined as:
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Equations for Mean Variables in a Turbulent Flow
Since our problems will only focus in continuity and momentum conservation, we will only do 

the averaging exercise just for the continuity, as example. 

2.2 Refresh some basic statistical methods

Because of the turbulent nature of fluids, statistics are key to study flow behaviour and characteristics. This
section goes through some basic methods of statistics such as mean, variance, standard deviation, covariance
and correlation.

2.2.1 Mean

We perform a mean accross di�erent dimensions. When we compute the mean of a signal that evolves in
time, in a single point, we are calculating the time average. Instead, if we consider a 2D field in one time
stamp, and we compute the mean accross the 2D space, we would be calculating the space average.
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c is a constance, the following is true:

(A + B) = A + B (10)

(cA) = cA (11)

(A) = A (12)

(AB) = AB (13)

(A + B) = A + B (14)

3
dA

dt

4
= dA

dt
(15)
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2.2.3 Reynolds averaging

The averaging rules we have just overviewed can now be applied to variables that are split into mean and
turbulent parts as we have seen before (U = U + u

Õ). Let A = A + a
Õ and B = B + b

Õ, we can find the mean
value for A:

(A) = (A + aÕ) = A + aÕ æ aÕ = 0 (16)

This is not a surprising result looking at the signal at the bottom of figure 14, which oscillates around the
null value. Similarly, with the product:

(BaÕ) = BaÕ = B0 = 0 (17)

The average of the product of A and B is:

(AB) = (A + aÕ)(B + bÕ)

= AB + aÕB + bÕA + aÕbÕ

= (AB) + aÕB + bÕA + aÕbÕ

= AB + aÕbÕ

(18)

The nonlinear term aÕbÕ is NOT necessarily zero, and neither there are: aÕ2, aÕbÕ2, aÕ2bÕ2. In fact, we will see in
future lessons, that these terms need to be retained to properly model turbulence.

2.2.4 Variance, Standard Deviation and Turbulence Intensity

Variance is an statistical measure of the dispersion of data around the mean, defined as:

‡
2
A = 1

N

N≠1ÿ

t=0
(At ≠ A)2 (19)

If we recall the turbulent part of a turbulent variable as a
Õ = A ≠ A, we can directly derive that the variance

corresponds to the mean turbulent part squared of the signal:

‡
2
A = 1

N

N≠1ÿ

t=0
a

Õ2
t = aÕ2 (20)

The standard deviation is defined as the square root of the variance, thus:

‡A = (aÕ2)1/2 (21)
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Averaging rules Reynolds averaging

Continuity equation:

(AB) = AB

28



Equations for Mean Variables in a Turbulent Flow
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Equations for Mean Variables in a Turbulent Flow
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Equations for Mean Variables in a Turbulent Flow
Continuity and momentum

10

Influence of Reynolds 

stress on the mean 

motions

The implication of 10: turbulence must be considered in making forecasts in turbulent flows, 

even if we are trying to forecast just mean quantities. The term can be large in magnitude, or 

larger, than many other terms in the equations. 
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Questions so far?
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Wrap up:

Next class:

General understanding of governing equations in turbulent flow

1. Recognise the terms within the main flow equations 

2. Apply the mean averaging to the flow equations
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Basic Governing Equations

2 3 4 5 6

Pressure 

gradient

Viscous  

stress
CoriolisAdvection GravityStorage

Mass conservation

Continuity
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