
Some mathematical and 

conceptual tools

Text book references: And Introduction to Boundary Meteorology, R.B. Stull, chapter 1

Modelling wind and dispersion in urban environments



Learning Objectives:

• Apply mean averaging rules 

• Understand statistical mean, variance and correlation concepts

After this class, you will be able to:  



Activities during the class:

During this class, you will perform the following activities:  

1. Think-pair-share 

2. Averaging rule exercise 

3. One-minute notes (the muddiest point)

NO summative 

assignments



Activities during the class:

During this class, you will perform the following activities:  

1. Think-pair-share 

2. Averaging rule exercise 

3. One-minute notes (the muddiest point)

NO summative 

assignments



Outline of the class:
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3. Some basic statistical methods 

4.Turbulent kinetic energy 

5. Flux and stress 

6. Wrap-up



Outline of the class:

1.Turbulence and its spectrum 

2. Mean and turbulent parts 

3. Some basic statistical methods 

4.Turbulent kinetic energy 

5. Flux and stress 

6. Wrap-up

Think, pair, share



Outline of the class:

1.Turbulence and its spectrum 

2. Mean and turbulent parts 

3. Some basic statistical methods 

4.Turbulent kinetic energy 

5. Flux and stress 

6. Wrap-up

Think, pair, share

Averaging example



Outline of the class:

1.Turbulence and its spectrum 

2. Mean and turbulent parts 

3. Some basic statistical methods 

4.Turbulent kinetic energy 

5. Flux and stress 

6. Wrap-up

Think, pair, share

Averaging example

Application real data



Outline of the class:

1.Turbulence and its spectrum 

2.Mean and turbulent parts 

3. Some basic statistical methods 

4.Turbulent kinetic energy 

5.Flux and stress 

6. Wrap-up



Turbulence and its spectrum?
Because turbulence is an intrinsic part of 

the ABL, we need to study it 

• Unresolved problem 

• Extremely random 

The randomness makes the deterministic 

description of turbulence difficult so we are 

forced to use statistics

The ABL is intrinsically turbulent, look at a 

signal of wind speed near-surface for 2.5h
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•
The

w
ind

speed
varies

in
an

irregular
pattern

-
a
characteristic

signature
of

turbulence.
This

quasi-random
ness

is
w
hatm

akes
turbulence

differentfrom
other

m
otions,like

w
aves.

•W
e
can

visually
pick

out
a
m
ean,or

typical,
value

of
the

w
ind

speed.
Forexam

ple,
betw

een
noon

and
1230

local
tim
e
the

average
w
ind

speed
is
about6

m
is,w

hile
a

bitlater(betw
een

1400
and

1430)
the

w
inds

have
decreased

to
about

5
m
/s
on
the

average.
The

ability
to
find

a
statistically-stable

m
ean

value
suggests

that
turbulence

is
notcom

pletely
random

.
•The

w
ind

speeds
do
notvary

from
0
to
100

m
/s
in
this

graph,butrathervary
over

a
lim
ited

range
of
speeds.

In
other

w
ords,

there
is
a
m
easurable

and
definable

intensity
to
the

turbulence
that

show
s
up
on
this

graph
as
the

verticalspread
of

w
ind

speed.
The

turbulence
intensity

appears
to
decrease

betw
een

noon
and

1400
localtim

e.
N
earnoon

the
instantaneous

w
ind

speed
is
often

1
rn/s

faster
or
slow

erthan
the

m
ean,w

hile
at
1400

the
w
ind

speed
varies

by
only

about0.5
rn/s

aboutits
m
ean.

Such
a
bounded

characteristic
ofthe

w
ind

speed
m
eans

thatw
e
can

use
statistics

such
asthe

variance
orstandard

deviation
to
characterize

the
turbulence

intensity.
•There

appears
to
be
a
w
ide

variety
oftim

e-scales
ofw

ind
variation

superim
posed

on
top
ofeach

other.
Ifw

e
look

closely
w
e
see

thatthe
tim
e
period

betw
een

each
little

peak
in
w
ind

speed
is
about

a
m
inute.

T
he
larger

peaks
seem

to
happen

about
every

5
m
in.

There
are

other
variations

that
indicate

a
10
m
in
tim
e
period

.T
he

sm
allestdetectable

variationson
this

chartare
about

10
slong.

Ifeach
ofthese

tim
e
variations

is
associated

w
ith
a
differentsize

turbulenteddy
(Taylor's

hypothesis.
See

exercise
5
in
C
hapter

I),then
w
e
can

conclude
thatw

e
are

seeing
the

signature
of
eddies

ranging
in
size

from
about

50
m
to
about

3000
m
.
In

other
w
ords,

w
e
are

observing
evidence

of
the

spectrum
of

turbulence.

The
turbulence

spectrum
is
analogous

to
the

spectrum
ofcolors

thatappears
w
hen

you
shine

a
light

through
a
prism

.
W
hite

light
consists

of
m
any

colors
(i.e.,

m
any

w
aveleng

ths
orfrequencies)

superim
posed

on
one

another.
The

prism
is
a
physicaldevice

that
separates

the
colors.

W
e
cou

ld
m
easure

the
intensity

of
each

color
to
learn

the
m
agnitude

ofitscontribution
to
the

originallight
beam

.
W
e
can

perform
a
sim

ilaranalysis
on
a
turbulentsignal

using
m
athem

aticalratherthan
physicaldevices

to
learn

abou
tthe

contribution
ofeach

differentsize
eddy

to
the

totalturbulence
kinetic

energy.
Figure

2.2
show

s
an
exam

ple
of
the

spectrum
of
w
ind

speed
m
easured

near
the

ground.
T
he
ordinate

is
a
m
easure

ofthe
portion

ofturbulence
energy

that
is
associated

w
ith

a
particularsize

eddy.
T
he
abscissa

gives
the

eddy
size

in
term

s
ofthe

tim
e
period

and
frequency

ofthe
w
ind-speed

variation.Sm
alleddies

have
shorter

tim
e
periods

than
large

eddies
(again,using

Taylor's
hypothesis),

Peaks
in
the

spectrum
show

w
hich

size
eddies

contribute
the

m
ost

to
the

turbulence
kinetic

energy.
T
he
leftm

ostpeak
w
ith

a
period

ofnear
100

h
corresponds

to
w
ind

speed
variations

associated
w
ith

the
passage

of
fronts

and
w
eather

system
s.
In
otherw

ords,-
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Think, pair, share



Instructions: go to menti.com enter code: 11564893 

Then reply to the question: observe the signal, what can you 

say about it?

Think-pair-share
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Turbulence and its spectrum?
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• Wind speed changes irregularly, quasi-randomly, which differentiates turbulence flow from 

waves 

• There is limited ranges of speed, with a minimum and a maximum value. The amplitude of the 

signal is actually larger at the beginning than at the end of the signal, so it might be related to a 

more turbulent phenomena. 

• From the signal, we can observe a mean value, or an average wind speed which is around 6m/s 

int he first part, and 5m/s in the last end of the signal



Questions so far?
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3. Some basic statistical methods 

4.Turbulent kinetic energy 
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Mean and Turbulent Parts
We have a very easy way to isolate the large-scale variations from the turbulent ones from a 

wind speed signal:

• Over a finite time signal, we compute the mean value 

• We subtract the mean value from the original signal 

2.2 Refresh some basic statistical methods

Because of the turbulent nature of fluids, statistics are key to study flow behaviour and characteristics. This
section goes through some basic methods of statistics such as mean, variance, standard deviation, covariance
and correlation.

2.2.1 Mean

We perform a mean accross di�erent dimensions. When we compute the mean of a signal that evolves in
time, in a single point, we are calculating the time average. Instead, if we consider a 2D field in one time
stamp, and we compute the mean accross the 2D space, we would be calculating the space average.

U = 1
N

N≠1ÿ

t=0
U(t) (8)

U = 1
Ni

1
Nj

Ni≠1ÿ

i=0

Nj≠1ÿ

j=0
U(i, j) (9)

2.2.2 Rules of averaging

There are some rules that are necessary throughout the derivation for mean flow quantities in the following
chapter, that are known as averaging rules. If we assume A and B are two variables dependent on time, and
c is a constance, the following is true:

(A + B) = A + B (10)

(cA) = cA (11)

(A) = A (12)

(AB) = AB (13)

(A + B) = A + B (14)

3
dA

dt

4
= dA

dt
(15)

14



Mean and Turbulent Parts

• Wind speed changes irregularly, quasi-randomly, which di�erentiates turbulent flow from waves for
example.

• From the signal, we can observe a mean value, or an average wind speed which is around 6m/s in the
first part, and 5m/s in the last end of the signal.

• There is a limited ranges of speed, with a minimum and a maximum value. The amplitude of the signal
is actually larger at the beginning, and more reduced at the end.

2.1 Mean and Turbulent Parts

There is a very easy way to isolate the large-scale variations from the turbulent ones. We can take a signal
from our wind speed measurements over a finite period of time, and we can compute the mean value. To
obtain the turbulent part from the signal (those quasi-random peaks) we can just substract the mean from
the signal, leading to:

u
Õ = U ≠ U (6)
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Figure 15: Wind speed signal, mean and turbulence (fluctuations).

Turbulence, by definition, is a type of motion. And motions, typically cause variations in temperature,
moisture and pollutant fields. Hence, we can partition each of the variables into mean and turbulent parts:

U = U + u
Õ

V = V + v
Õ

W = W + w
Õ

◊v = ◊v + ◊
Õ
v

q = q + q
Õ

c = c + c
Õ

(7)

13
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Some basic statistical methods
Mean

2.2 Refresh some basic statistical methods

Because of the turbulent nature of fluids, statistics are key to study flow behaviour and characteristics. This
section goes through some basic methods of statistics such as mean, variance, standard deviation, covariance
and correlation.

2.2.1 Mean

We perform a mean accross di�erent dimensions. When we compute the mean of a signal that evolves in
time, in a single point, we are calculating the time average. Instead, if we consider a 2D field in one time
stamp, and we compute the mean accross the 2D space, we would be calculating the space average.
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2.2.2 Rules of averaging

There are some rules that are necessary throughout the derivation for mean flow quantities in the following
chapter, that are known as averaging rules. If we assume A and B are two variables dependent on time, and
c is a constance, the following is true:

(A + B) = A + B (10)

(cA) = cA (11)

(A) = A (12)

(AB) = AB (13)
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2.2 Refresh some basic statistical methods

Because of the turbulent nature of fluids, statistics are key to study flow behaviour and characteristics. This
section goes through some basic methods of statistics such as mean, variance, standard deviation, covariance
and correlation.

2.2.1 Mean

We perform a mean accross di�erent dimensions. When we compute the mean of a signal that evolves in
time, in a single point, we are calculating the time average. Instead, if we consider a 2D field in one time
stamp, and we compute the mean accross the 2D space, we would be calculating the space average.
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2.2.3 Reynolds averaging

The averaging rules we have just overviewed can now be applied to variables that are split into mean and
turbulent parts as we have seen before (U = U + u

Õ). Let A = A + a
Õ and B = B + b

Õ, we can find the mean
value for A:

(A) = (A + aÕ) = A + aÕ æ aÕ = 0 (16)

This is not a surprising result looking at the signal at the bottom of figure 14, which oscillates around the
null value. Similarly, with the product:

(BaÕ) = BaÕ = B0 = 0 (17)

The average of the product of A and B is:

(AB) = (A + aÕ)(B + bÕ)

= AB + aÕB + bÕA + aÕbÕ

= (AB) + aÕB + bÕA + aÕbÕ

= AB + aÕbÕ

(18)

The nonlinear term aÕbÕ is NOT necessarily zero, and neither there are: aÕ2, aÕbÕ2, aÕ2bÕ2. In fact, we will see in
future lessons, that these terms need to be retained to properly model turbulence.

2.2.4 Variance, Standard Deviation and Turbulence Intensity

Variance is an statistical measure of the dispersion of data around the mean, defined as:

‡
2
A = 1

N

N≠1ÿ

t=0
(At ≠ A)2 (19)

If we recall the turbulent part of a turbulent variable as a
Õ = A ≠ A, we can directly derive that the variance

corresponds to the mean turbulent part squared of the signal:

‡
2
A = 1

N

N≠1ÿ

t=0
a

Õ2
t = aÕ2 (20)

The standard deviation is defined as the square root of the variance, thus:

‡A = (aÕ2)1/2 (21)
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• Wind speed changes irregularly, quasi-randomly, which di�erentiates turbulent flow from waves for
example.

• From the signal, we can observe a mean value, or an average wind speed which is around 6m/s in the
first part, and 5m/s in the last end of the signal.

• There is a limited ranges of speed, with a minimum and a maximum value. The amplitude of the signal
is actually larger at the beginning, and more reduced at the end.

2.1 Mean and Turbulent Parts

There is a very easy way to isolate the large-scale variations from the turbulent ones. We can take a signal
from our wind speed measurements over a finite period of time, and we can compute the mean value. To
obtain the turbulent part from the signal (those quasi-random peaks) we can just substract the mean from
the signal, leading to:

u
Õ = U ≠ U (6)
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Figure 15: Wind speed signal, mean and turbulence (fluctuations).

Turbulence, by definition, is a type of motion. And motions, typically cause variations in temperature,
moisture and pollutant fields. Hence, we can partition each of the variables into mean and turbulent parts:

U = U + u
Õ

V = V + v
Õ

W = W + w
Õ

◊v = ◊v + ◊
Õ
v

q = q + q
Õ

c = c + c
Õ

(7)
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2.2.3 Reynolds averaging

The averaging rules we have just overviewed can now be applied to variables that are split into mean and
turbulent parts as we have seen before (U = U + u

Õ). Let A = A + a
Õ and B = B + b

Õ, we can find the mean
value for A:

(A) = (A + aÕ) = A + aÕ æ aÕ = 0 (16)

This is not a surprising result looking at the signal at the bottom of figure 14, which oscillates around the
null value. Similarly, with the product:

(BaÕ) = BaÕ = B0 = 0 (17)

The average of the product of A and B is:

(AB) = (A + aÕ)(B + bÕ)

= AB + aÕB + bÕA + aÕbÕ

= (AB) + aÕB + bÕA + aÕbÕ

= AB + aÕbÕ

(18)

The nonlinear term aÕbÕ is NOT necessarily zero, and neither there are: aÕ2, aÕbÕ2, aÕ2bÕ2. In fact, we will see in
future lessons, that these terms need to be retained to properly model turbulence.

2.2.4 Variance, Standard Deviation and Turbulence Intensity

Variance is an statistical measure of the dispersion of data around the mean, defined as:
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If we recall the turbulent part of a turbulent variable as a
Õ = A ≠ A, we can directly derive that the variance

corresponds to the mean turbulent part squared of the signal:
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The standard deviation is defined as the square root of the variance, thus:
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• Wind speed changes irregularly, quasi-randomly, which di�erentiates turbulent flow from waves for
example.

• From the signal, we can observe a mean value, or an average wind speed which is around 6m/s in the
first part, and 5m/s in the last end of the signal.

• There is a limited ranges of speed, with a minimum and a maximum value. The amplitude of the signal
is actually larger at the beginning, and more reduced at the end.

2.1 Mean and Turbulent Parts

There is a very easy way to isolate the large-scale variations from the turbulent ones. We can take a signal
from our wind speed measurements over a finite period of time, and we can compute the mean value. To
obtain the turbulent part from the signal (those quasi-random peaks) we can just substract the mean from
the signal, leading to:

u
Õ = U ≠ U (6)
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Turbulence, by definition, is a type of motion. And motions, typically cause variations in temperature,
moisture and pollutant fields. Hence, we can partition each of the variables into mean and turbulent parts:
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What about         ?

2.2 Refresh some basic statistical methods

Because of the turbulent nature of fluids, statistics are key to study flow behaviour and characteristics. This
section goes through some basic methods of statistics such as mean, variance, standard deviation, covariance
and correlation.

2.2.1 Mean

We perform a mean accross di�erent dimensions. When we compute the mean of a signal that evolves in
time, in a single point, we are calculating the time average. Instead, if we consider a 2D field in one time
stamp, and we compute the mean accross the 2D space, we would be calculating the space average.

U = 1
N

N≠1ÿ

t=0
U(t) (8)

U = 1
Ni

1
Nj

Ni≠1ÿ

i=0

Nj≠1ÿ

j=0
U(i, j) (9)

2.2.2 Rules of averaging

There are some rules that are necessary throughout the derivation for mean flow quantities in the following
chapter, that are known as averaging rules. If we assume A and B are two variables dependent on time, and
c is a constance, the following is true:

(A + B) = A + B (10)

(cA) = cA (11)

(A) = A (12)

(AB) = AB (13)

(A + B) = A + B (14)

3
dA

dt

4
= dA

dt
(15)
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Figure 16: Wind speed signal, mean and standard deviation.

2.2.5 Covariance and Correlation

In statistics the covariance between two variables is computed as:

covar(A, B) = 1
N

N≠1ÿ

t=0
(At ≠ A)(Bt ≠ B)

= 1
N

N≠1ÿ

t=0
(aÕ

t)(bÕ
t)

= aÕbÕ

(22)

The covariance indicates the degree of common relationship between the two variables, A and B. An example
could be temperature, T, and vertical velocity, w. On a hot summer day over land, we might expect the
warmer than average air to rise (positive T

Õ and positive w
Õ), and the cooler air to sink (negative T

Õ and
negative w

Õ), thus the product T
Õ
w

Õ would be positive on the average, indicating that T and w vary together.

An special type of normalized covariance is known as the linear correlation coe�cient, rAB :

rAB © aÕbÕ

‡A‡B
(23)

This variable ranges between -1 and +1: when two variables are perfectly correlated (vary together), yield
rAB = 1. If A and B are perfectly negatively correlated (vary oppositely), yield rAB = ≠1. If A and B have
no relation, then rAB = 0.

2.2.6 Turbulent Kinetic Energy

Typically kinetic energy is defined as KE = 0.5mU
2, where m is the mass and U the wind speed of the fluid.

When dealing with a fluid such as air, it is more convenient to talk about kinetic energy per unit mass, which
would be 0.5U

2. Using the previous separation between mean wind and turbulent part, we can find the mean
wind kinetic energy(MKE) and the turbulent kinetic energy (TKE) per unit mass:

MKE = 1
2

1
U

2 + V
2 + W

22
(24)
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This variable ranges between -1 and +1: when two variables are perfectly correlated (vary together), yield
rAB = 1. If A and B are perfectly negatively correlated (vary oppositely), yield rAB = ≠1. If A and B have
no relation, then rAB = 0.

2.2.6 Turbulent Kinetic Energy

Typically kinetic energy is defined as KE = 0.5mU
2, where m is the mass and U the wind speed of the fluid.

When dealing with a fluid such as air, it is more convenient to talk about kinetic energy per unit mass, which
would be 0.5U

2. Using the previous separation between mean wind and turbulent part, we can find the mean
wind kinetic energy(MKE) and the turbulent kinetic energy (TKE) per unit mass:

MKE = 1
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Figure 16: Wind speed signal, mean and standard deviation.

2.2.5 Covariance and Correlation

In statistics the covariance between two variables is computed as:

covar(A, B) = 1
N

N≠1ÿ

t=0
(At ≠ A)(Bt ≠ B)

= 1
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N≠1ÿ

t=0
(aÕ

t)(bÕ
t)

= aÕbÕ

(22)

The covariance indicates the degree of common relationship between the two variables, A and B. An example
could be temperature, T, and vertical velocity, w. On a hot summer day over land, we might expect the
warmer than average air to rise (positive T

Õ and positive w
Õ), and the cooler air to sink (negative T

Õ and
negative w

Õ), thus the product T
Õ
w

Õ would be positive on the average, indicating that T and w vary together.

An special type of normalized covariance is known as the linear correlation coe�cient, rAB :

rAB © aÕbÕ

‡A‡B
(23)

This variable ranges between -1 and +1: when two variables are perfectly correlated (vary together), yield
rAB = 1. If A and B are perfectly negatively correlated (vary oppositely), yield rAB = ≠1. If A and B have
no relation, then rAB = 0.

2.2.6 Turbulent Kinetic Energy

Typically kinetic energy is defined as KE = 0.5mU
2, where m is the mass and U the wind speed of the fluid.

When dealing with a fluid such as air, it is more convenient to talk about kinetic energy per unit mass, which
would be 0.5U
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2.2.5 Covariance and Correlation

In statistics the covariance between two variables is computed as:

covar(A, B) = 1
N

N≠1ÿ

t=0
(At ≠ A)(Bt ≠ B)

= 1
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The covariance indicates the degree of common relationship between the two variables, A and B. An example
could be temperature, T, and vertical velocity, w. On a hot summer day over land, we might expect the
warmer than average air to rise (positive T

Õ and positive w
Õ), and the cooler air to sink (negative T

Õ and
negative w

Õ), thus the product T
Õ
w

Õ would be positive on the average, indicating that T and w vary together.

An special type of normalized covariance is known as the linear correlation coe�cient, rAB :

rAB © aÕbÕ

‡A‡B
(23)

This variable ranges between -1 and +1: when two variables are perfectly correlated (vary together), yield
rAB = 1. If A and B are perfectly negatively correlated (vary oppositely), yield rAB = ≠1. If A and B have
no relation, then rAB = 0.

2.2.6 Turbulent Kinetic Energy

Typically kinetic energy is defined as KE = 0.5mU
2, where m is the mass and U the wind speed of the fluid.

When dealing with a fluid such as air, it is more convenient to talk about kinetic energy per unit mass, which
would be 0.5U

2. Using the previous separation between mean wind and turbulent part, we can find the mean
wind kinetic energy(MKE) and the turbulent kinetic energy (TKE) per unit mass:

MKE = 1
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2.2 Refresh some basic statistical methods

Because of the turbulent nature of fluids, statistics are key to study flow behaviour and characteristics. This
section goes through some basic methods of statistics such as mean, variance, standard deviation, covariance
and correlation.

2.2.1 Mean

We perform a mean accross di�erent dimensions. When we compute the mean of a signal that evolves in
time, in a single point, we are calculating the time average. Instead, if we consider a 2D field in one time
stamp, and we compute the mean accross the 2D space, we would be calculating the space average.

U = 1
N

N≠1ÿ

t=0
U(t) (8)

U = 1
Ni

1
Nj

Ni≠1ÿ

i=0

Nj≠1ÿ

j=0
U(i, j) (9)

2.2.2 Rules of averaging

There are some rules that are necessary throughout the derivation for mean flow quantities in the following
chapter, that are known as averaging rules. If we assume A and B are two variables dependent on time, and
c is a constance, the following is true:

(A + B) = A + B (10)

(cA) = cA (11)

(A) = A (12)

(AB) = AB (13)

(A + B) = A + B (14)

3
dA

dt

4
= dA

dt
(15)

14
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Figure 16: Wind speed signal, mean and standard deviation.

2.2.5 Covariance and Correlation

In statistics the covariance between two variables is computed as:

covar(A, B) = 1
N

N≠1ÿ

t=0
(At ≠ A)(Bt ≠ B)

= 1
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N≠1ÿ

t=0
(aÕ

t)(bÕ
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= aÕbÕ

(22)

The covariance indicates the degree of common relationship between the two variables, A and B. An example
could be temperature, T, and vertical velocity, w. On a hot summer day over land, we might expect the
warmer than average air to rise (positive T

Õ and positive w
Õ), and the cooler air to sink (negative T

Õ and
negative w

Õ), thus the product T
Õ
w

Õ would be positive on the average, indicating that T and w vary together.

An special type of normalized covariance is known as the linear correlation coe�cient, rAB :

rAB © aÕbÕ

‡A‡B
(23)

This variable ranges between -1 and +1: when two variables are perfectly correlated (vary together), yield
rAB = 1. If A and B are perfectly negatively correlated (vary oppositely), yield rAB = ≠1. If A and B have
no relation, then rAB = 0.

2.2.6 Turbulent Kinetic Energy

Typically kinetic energy is defined as KE = 0.5mU
2, where m is the mass and U the wind speed of the fluid.

When dealing with a fluid such as air, it is more convenient to talk about kinetic energy per unit mass, which
would be 0.5U

2. Using the previous separation between mean wind and turbulent part, we can find the mean
wind kinetic energy(MKE) and the turbulent kinetic energy (TKE) per unit mass:

MKE = 1
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2.2 Refresh some basic statistical methods

Because of the turbulent nature of fluids, statistics are key to study flow behaviour and characteristics. This
section goes through some basic methods of statistics such as mean, variance, standard deviation, covariance
and correlation.

2.2.1 Mean

We perform a mean accross di�erent dimensions. When we compute the mean of a signal that evolves in
time, in a single point, we are calculating the time average. Instead, if we consider a 2D field in one time
stamp, and we compute the mean accross the 2D space, we would be calculating the space average.
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There are some rules that are necessary throughout the derivation for mean flow quantities in the following
chapter, that are known as averaging rules. If we assume A and B are two variables dependent on time, and
c is a constance, the following is true:

(A + B) = A + B (10)
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Figure 16: Wind speed signal, mean and standard deviation.

2.2.5 Covariance and Correlation

In statistics the covariance between two variables is computed as:

covar(A, B) = 1
N

N≠1ÿ

t=0
(At ≠ A)(Bt ≠ B)

= 1
N

N≠1ÿ

t=0
(aÕ

t)(bÕ
t)

= aÕbÕ

(22)

The covariance indicates the degree of common relationship between the two variables, A and B. An example
could be temperature, T, and vertical velocity, w. On a hot summer day over land, we might expect the
warmer than average air to rise (positive T

Õ and positive w
Õ), and the cooler air to sink (negative T

Õ and
negative w

Õ), thus the product T
Õ
w

Õ would be positive on the average, indicating that T and w vary together.

An special type of normalized covariance is known as the linear correlation coe�cient, rAB :

rAB © aÕbÕ

‡A‡B
(23)

This variable ranges between -1 and +1: when two variables are perfectly correlated (vary together), yield
rAB = 1. If A and B are perfectly negatively correlated (vary oppositely), yield rAB = ≠1. If A and B have
no relation, then rAB = 0.

2.2.6 Turbulent Kinetic Energy

Typically kinetic energy is defined as KE = 0.5mU
2, where m is the mass and U the wind speed of the fluid.

When dealing with a fluid such as air, it is more convenient to talk about kinetic energy per unit mass, which
would be 0.5U

2. Using the previous separation between mean wind and turbulent part, we can find the mean
wind kinetic energy(MKE) and the turbulent kinetic energy (TKE) per unit mass:

MKE = 1
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2.2 Refresh some basic statistical methods

Because of the turbulent nature of fluids, statistics are key to study flow behaviour and characteristics. This
section goes through some basic methods of statistics such as mean, variance, standard deviation, covariance
and correlation.

2.2.1 Mean

We perform a mean accross di�erent dimensions. When we compute the mean of a signal that evolves in
time, in a single point, we are calculating the time average. Instead, if we consider a 2D field in one time
stamp, and we compute the mean accross the 2D space, we would be calculating the space average.

U = 1
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2.2.2 Rules of averaging

There are some rules that are necessary throughout the derivation for mean flow quantities in the following
chapter, that are known as averaging rules. If we assume A and B are two variables dependent on time, and
c is a constance, the following is true:

(A + B) = A + B (10)

(cA) = cA (11)

(A) = A (12)

(AB) = AB (13)
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Figure 16: Wind speed signal, mean and standard deviation.

2.2.5 Covariance and Correlation

In statistics the covariance between two variables is computed as:

covar(A, B) = 1
N

N≠1ÿ

t=0
(At ≠ A)(Bt ≠ B)

= 1
N

N≠1ÿ

t=0
(aÕ

t)(bÕ
t)

= aÕbÕ

(22)

The covariance indicates the degree of common relationship between the two variables, A and B. An example
could be temperature, T, and vertical velocity, w. On a hot summer day over land, we might expect the
warmer than average air to rise (positive T

Õ and positive w
Õ), and the cooler air to sink (negative T

Õ and
negative w

Õ), thus the product T
Õ
w

Õ would be positive on the average, indicating that T and w vary together.

An special type of normalized covariance is known as the linear correlation coe�cient, rAB :

rAB © aÕbÕ

‡A‡B
(23)

This variable ranges between -1 and +1: when two variables are perfectly correlated (vary together), yield
rAB = 1. If A and B are perfectly negatively correlated (vary oppositely), yield rAB = ≠1. If A and B have
no relation, then rAB = 0.

2.2.6 Turbulent Kinetic Energy

Typically kinetic energy is defined as KE = 0.5mU
2, where m is the mass and U the wind speed of the fluid.

When dealing with a fluid such as air, it is more convenient to talk about kinetic energy per unit mass, which
would be 0.5U

2. Using the previous separation between mean wind and turbulent part, we can find the mean
wind kinetic energy(MKE) and the turbulent kinetic energy (TKE) per unit mass:

MKE = 1
2

1
U

2 + V
2 + W

22
(24)
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The standard deviation can be understood as a measure of the magnitude of the spread or 

dispersion of the original data from its mean; for this reason is used to measure turbulence 

intensity. 

A dimensionless measure of turbulence intensity: 

Variance, standard deviation and turbulence intensity

Some uses: Taylor hypothesis is only valid if I<0.5
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Covariance and correlation

The covariance indicates the degree of common relationship between two variables, A and B. 

Its equation is the following:  
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Figure 16: Wind speed signal, mean and standard deviation.

The standard deviation always has the same dimensions as the original variable, and it can be understood as
a measure of the magnitude of the spread or dispersion of the original data from its mean; for this reason is
used to measure turbulence intensity.

Near the ground, turbulence intensity might be expected to increase as the mean wind speed, U, increases.
For this reason a dimensionless measure of turbulence intensity, I, is often defined as:

I = ‡U /U (22)

For example, for Taylor’s hypothesis to be valid, I < 0.5.

2.2.5 Covariance and Correlation

In statistics the covariance between two variables is computed as:

covar(A, B) = 1
N

N≠1ÿ

t=0
(At ≠ A)(Bt ≠ B)

= 1
N

N≠1ÿ

t=0
(aÕ

t)(bÕ
t)

= aÕbÕ

(23)

The covariance indicates the degree of common relationship between the two variables, A and B. An example
could be temperature, T, and vertical velocity, w. On a hot summer day over land, we might expect the
warmer than average air to rise (positive T

Õ and positive w
Õ), and the cooler air to sink (negative T

Õ and
negative w

Õ), thus the product T
Õ
w

Õ would be positive on the average, indicating that T and w vary together.

An special type of normalized covariance is known as the linear correlation coe�cient, rAB :

rAB © aÕbÕ

‡A‡B
(24)

This variable ranges between -1 and +1: when two variables are perfectly correlated (vary together), yield
rAB = 1. If A and B are perfectly negatively correlated (vary oppositely), yield rAB = ≠1. If A and B have
no relation, then rAB = 0.
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An example could be temperature, T, and vertical velocity, w. On a hot summer day over land, we 

might expect the warmer air to raise (T’>0, w’>0), and the cooler air to sink (T’<0,w’<0).  

Thus the product overall would be:
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Figure 16: Wind speed signal, mean and standard deviation.

The standard deviation always has the same dimensions as the original variable, and it can be understood as
a measure of the magnitude of the spread or dispersion of the original data from its mean; for this reason is
used to measure turbulence intensity.

Near the ground, turbulence intensity might be expected to increase as the mean wind speed, U, increases.
For this reason a dimensionless measure of turbulence intensity, I, is often defined as:

I = ‡U /U (22)

For example, for Taylor’s hypothesis to be valid, I < 0.5.

2.2.5 Covariance and Correlation

In statistics the covariance between two variables is computed as:

covar(A, B) = 1
N

N≠1ÿ

t=0
(At ≠ A)(Bt ≠ B)

= 1
N

N≠1ÿ

t=0
(aÕ

t)(bÕ
t)

= aÕbÕ

(23)

The covariance indicates the degree of common relationship between the two variables, A and B. An example
could be temperature, T, and vertical velocity, w. On a hot summer day over land, we might expect the
warmer than average air to rise (positive T

Õ and positive w
Õ), and the cooler air to sink (negative T

Õ and
negative w

Õ), thus the product T
Õ
w

Õ would be positive on the average, indicating that T and w vary together.

An special type of normalized covariance is known as the linear correlation coe�cient, rAB :

rAB © aÕbÕ

‡A‡B
(24)

This variable ranges between -1 and +1: when two variables are perfectly correlated (vary together), yield
rAB = 1. If A and B are perfectly negatively correlated (vary oppositely), yield rAB = ≠1. If A and B have
no relation, then rAB = 0.
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An example could be temperature, T, and vertical velocity, w. On a hot summer day over land, we 

might expect the warmer air to raise (T’>0, w’>0), and the cooler air to sink (T’<0,w’<0).  

Thus the product overall would be:
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Figure 16: Wind speed signal, mean and standard deviation.

The standard deviation always has the same dimensions as the original variable, and it can be understood as
a measure of the magnitude of the spread or dispersion of the original data from its mean; for this reason is
used to measure turbulence intensity.

Near the ground, turbulence intensity might be expected to increase as the mean wind speed, U, increases.
For this reason a dimensionless measure of turbulence intensity, I, is often defined as:

I = ‡U /U (22)

For example, for Taylor’s hypothesis to be valid, I < 0.5.

2.2.5 Covariance and Correlation

In statistics the covariance between two variables is computed as:

covar(A, B) = 1
N

N≠1ÿ

t=0
(At ≠ A)(Bt ≠ B)

= 1
N

N≠1ÿ

t=0
(aÕ

t)(bÕ
t)

= aÕbÕ

(23)

The covariance indicates the degree of common relationship between the two variables, A and B. An example
could be temperature, T, and vertical velocity, w. On a hot summer day over land, we might expect the
warmer than average air to rise (positive T

Õ and positive w
Õ), and the cooler air to sink (negative T

Õ and
negative w

Õ), thus the product T
Õ
w

Õ would be positive on the average, indicating that T and w vary together.

An special type of normalized covariance is known as the linear correlation coe�cient, rAB :

rAB © aÕbÕ

‡A‡B
(24)

This variable ranges between -1 and +1: when two variables are perfectly correlated (vary together), yield
rAB = 1. If A and B are perfectly negatively correlated (vary oppositely), yield rAB = ≠1. If A and B have
no relation, then rAB = 0.

16

An example could be temperature, T, and vertical velocity, w. On a hot summer day over land, we 

might expect the warmer air to raise (T’>0, w’>0), and the cooler air to sink (T’<0,w’<0).  

Thus the product overall would be:
This means that T and w vary 

together
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Correlation is a special kind of covariance, ranging between [-1,1]:  
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Figure 16: Wind speed signal, mean and standard deviation.

The standard deviation always has the same dimensions as the original variable, and it can be understood as
a measure of the magnitude of the spread or dispersion of the original data from its mean; for this reason is
used to measure turbulence intensity.

Near the ground, turbulence intensity might be expected to increase as the mean wind speed, U, increases.
For this reason a dimensionless measure of turbulence intensity, I, is often defined as:

I = ‡U /U (22)

For example, for Taylor’s hypothesis to be valid, I < 0.5.

2.2.5 Covariance and Correlation

In statistics the covariance between two variables is computed as:

covar(A, B) = 1
N

N≠1ÿ

t=0
(At ≠ A)(Bt ≠ B)

= 1
N

N≠1ÿ

t=0
(aÕ

t)(bÕ
t)

= aÕbÕ

(23)

The covariance indicates the degree of common relationship between the two variables, A and B. An example
could be temperature, T, and vertical velocity, w. On a hot summer day over land, we might expect the
warmer than average air to rise (positive T

Õ and positive w
Õ), and the cooler air to sink (negative T

Õ and
negative w

Õ), thus the product T
Õ
w

Õ would be positive on the average, indicating that T and w vary together.

An special type of normalized covariance is known as the linear correlation coe�cient, rAB :

rAB © aÕbÕ

‡A‡B
(24)

This variable ranges between -1 and +1: when two variables are perfectly correlated (vary together), yield
rAB = 1. If A and B are perfectly negatively correlated (vary oppositely), yield rAB = ≠1. If A and B have
no relation, then rAB = 0.
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Figure 16: Wind speed signal, mean and standard deviation.

The standard deviation always has the same dimensions as the original variable, and it can be understood as
a measure of the magnitude of the spread or dispersion of the original data from its mean; for this reason is
used to measure turbulence intensity.

Near the ground, turbulence intensity might be expected to increase as the mean wind speed, U, increases.
For this reason a dimensionless measure of turbulence intensity, I, is often defined as:

I = ‡U /U (22)

For example, for Taylor’s hypothesis to be valid, I < 0.5.

2.2.5 Covariance and Correlation

In statistics the covariance between two variables is computed as:

covar(A, B) = 1
N

N≠1ÿ

t=0
(At ≠ A)(Bt ≠ B)

= 1
N

N≠1ÿ

t=0
(aÕ

t)(bÕ
t)

= aÕbÕ

(23)

The covariance indicates the degree of common relationship between the two variables, A and B. An example
could be temperature, T, and vertical velocity, w. On a hot summer day over land, we might expect the
warmer than average air to rise (positive T

Õ and positive w
Õ), and the cooler air to sink (negative T

Õ and
negative w

Õ), thus the product T
Õ
w

Õ would be positive on the average, indicating that T and w vary together.

An special type of normalized covariance is known as the linear correlation coe�cient, rAB :

rAB © aÕbÕ

‡A‡B
(24)

This variable ranges between -1 and +1: when two variables are perfectly correlated (vary together), yield
rAB = 1. If A and B are perfectly negatively correlated (vary oppositely), yield rAB = ≠1. If A and B have
no relation, then rAB = 0.
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When rAB=1 A,B are perfectly correlated, vary together
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Figure 16: Wind speed signal, mean and standard deviation.

The standard deviation always has the same dimensions as the original variable, and it can be understood as
a measure of the magnitude of the spread or dispersion of the original data from its mean; for this reason is
used to measure turbulence intensity.

Near the ground, turbulence intensity might be expected to increase as the mean wind speed, U, increases.
For this reason a dimensionless measure of turbulence intensity, I, is often defined as:

I = ‡U /U (22)

For example, for Taylor’s hypothesis to be valid, I < 0.5.

2.2.5 Covariance and Correlation

In statistics the covariance between two variables is computed as:

covar(A, B) = 1
N

N≠1ÿ

t=0
(At ≠ A)(Bt ≠ B)

= 1
N

N≠1ÿ

t=0
(aÕ

t)(bÕ
t)

= aÕbÕ

(23)

The covariance indicates the degree of common relationship between the two variables, A and B. An example
could be temperature, T, and vertical velocity, w. On a hot summer day over land, we might expect the
warmer than average air to rise (positive T

Õ and positive w
Õ), and the cooler air to sink (negative T

Õ and
negative w

Õ), thus the product T
Õ
w

Õ would be positive on the average, indicating that T and w vary together.

An special type of normalized covariance is known as the linear correlation coe�cient, rAB :

rAB © aÕbÕ

‡A‡B
(24)

This variable ranges between -1 and +1: when two variables are perfectly correlated (vary together), yield
rAB = 1. If A and B are perfectly negatively correlated (vary oppositely), yield rAB = ≠1. If A and B have
no relation, then rAB = 0.
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When rAB=-1 A,B are inversely correlated, vary oppositely



Some basic statistical methods
Covariance and correlation

Correlation is a special kind of covariance, ranging between [-1,1]:  
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Figure 16: Wind speed signal, mean and standard deviation.

The standard deviation always has the same dimensions as the original variable, and it can be understood as
a measure of the magnitude of the spread or dispersion of the original data from its mean; for this reason is
used to measure turbulence intensity.
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I = ‡U /U (22)
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Turbulence Kinetic Energy

[Fichtl, G., Boundary Layer Meteorology, 1971]

Typically kinetic energy is commonly defined as:  

where m is the mass and U the speed of the fluid. However, when dealing with air, it is more 

convenient to talk about kinetic energy per unit mass:  

Separating U into mean (<U>) and turbulent U (u’), we can retrieve wind kinetic energy (MKE) and 

wind turbulence kinetic energy (e or k) per unit mass:  

2.2.6 Turbulent Kinetic Energy

Typically kinetic energy is defined as KE = 0.5mU
2, where m is the mass and U the wind speed of the fluid.

When dealing with a fluid such as air, it is more convenient to talk about kinetic energy per unit mass, which
would be 0.5U

2. Using the previous separation between mean wind and turbulent part, we can find the mean
wind kinetic energy(MKE) and the turbulent kinetic energy (TKE) per unit mass:

MKE = 1
2

1
U

2 + V
2 + W

22
(25)

e = 1
2

!
u

Õ2 + v
Õ2 + w

Õ2"
(26)

Where e represents the instantaneous turbulence kinetic energy per unit mass. Since rapid variations in the
value of e with time can be expected as we measure faster and slower gusts, we can average these instantaneous
values, and derive a mean turbulence kinetic energy (TKE), which is more representative of the overall flow:

TKE = 1
2

1
uÕ2 + vÕ2 + wÕ2

2
= e (27)

Turbulence kinetic energy is one of the most important quantities used to study the turbulent boundary layer,
and therefore, the atmospheric boundary layer. By writing a budget equation for TKE, we can balance the
production terms against the loss terms to determine whether the boundary layer will become more or less
turbulent.

A typical daytime variation of TKE in included in figure 17:

Figure 17: Diurnal TKE [Stull].

During sunny daytime, buoyancy allows air parcels to accelerate allowing wÕ2 to be large and contribute to
the total TKE. On overcast days, when there is little heating from the ground, wind shears and flow over
obstacles create turbulence near the ground, that gradually decreases with height and it is primarily produced
by uÕ2 and vÕ2 components. At night, TKE decays.
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Flux and Stress
Flux: is the transfer of a quantity per unit area per unit time. 

In the ABL, we normally talk about mass, heat, moisture, momentum and pollutant 

fluxes. The units is the variable units/m2s: kg/m2s (mass flux)

Stress: it is the force tending to produce deformation in a body, its units is force per unit area 

N/m2, and in the atmosphere there are three types of stress:  pressure, Reynolds stress and 

viscous stress

Normal stress Shear stress
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Flux and Stress

2.2.7 Kinematic Flux

Flux: is the transfer of a quantity per unit area per unit time. In the boundary layer, we normally are
concerned about mass, heat, moisture, momentum and pollutant fluxes. The units of these fluxes is the
quantity units divived by m

2
s, so for mass flux that would be kg/m

2
s. If you divide the fluxes by the density

of air, then you obtain the kinematic form of the fluxes.

2.2.8 Stress

Stress: it is the force tending to produce deformation in a body. It is measured as a force per unit area, and
in generally there are three types of stress in the atmosphere: pressure, Reynolds stress, and viscous shear
stress.

Pressure: is a type of stress that can act on a fluid at rest. Pressure acts equally in all directions, which is
known as isotropic. You can experience this for example when you climb a mountain.

Reynolds stress: exists only when the fluid is in turbulent motion. A turbulent eddy can mix air of di�erent
wind speeds into the cube of interest. When this di�erent-speed air is incorporated into one face of the
cube and not the opposite face, the cube deforms because of the velocity di�erences between those two faces.
Turbulent momentum flux acts like a stress, and it is called the Reynolds stress. In this example, air moving
upward (possessing w

Õ), was mixed towards the cube (at rate u
Õ) resulting in a Reynolds stress component,

in kinematic units, described by uÕwÕ. If we go over all the velocity coordintes combinations, we can derive
the Reynolds stress tensor, which is symmetric and looks like:

Q

a
uÕuÕ uÕvÕ uÕwÕ

vÕuÕ vÕvÕ vÕwÕ

wÕuÕ wÕvÕ wÕwÕ

R

b (28)

Thus, we only need six independent stress components. Generally any of the components from the matrix
could be represented through uÕ

iu
Õ
j . The kinematic Reynolds stress in typical atmospheric surface layers is on

the order of 0.05m
2
/s

2.

Viscous stress: exists when there shrearing motions in the fluid, no matter if it is laminar or turbulent. When
a portion of the fluid moves, the intermolecular forces tend to drag the adjacent fluid moelcules in the same
direction. The components form also a tensor, as before, with six independent componentts as well. A fluid
for which the viscous stress is linearly dependent on the shear is said to be a Newtonian fluid. The stress, ·ij ,
for a Newtonian fluid is given by the formula:

·ij = µ

3
ˆUi

ˆxj
+ ˆUj

ˆxi

4
+

3
µB ≠ 2

3µ

4
ˆuk

ˆxk
”ij (29)

where µB is the bulk viscosity coe�cient (near zero for most gases) and µ is the dynamic viscosity. For
a mean wind shear of 0.5m/s, the resulting viscous stress is of the order of 7.304x10≠6

m
2
/s

2. Therefore,
the viscous stress becomes, in most cases, negligible for fully turbulent boundary layers, as the atmospheric
boundary layer.

2.2.9 Friction Velocity

During situations where turbulence is generated or modulated by wind shear near the ground, the magnitude
of the surface Reynolds’ stress proves to be an important scaling variable, named friction velocity (uú). To
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Fluid particles, you could think of small cubes, suffer similar stresses to solid objects
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Turbulent momentum flux acts like a stress, called Reynolds stress

Considering the 3D velocity components, its form is a symmetric tensor 

(6 components)



Flux and Stress
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Application real data



Application with real data

Given the following instantaneous measurements of potential temperature (θv) and vertical 

velocity (w) in this table, could you fill the remaining blanks?

Measurements Calculations
Index w θv w’ θ’v (w’)2 (θ’v)2 wθv w’θ’v
0 0.5


-

295

1 -0.5 293
2 1.0 295
3 0.8 298
4 0.9 292
5 -0.2 294
6 -0.5 292
7 0.0 289
8 -0.9 293
9 -0.1 299

Average

Can you verify the following? wθv = wθv + w′￼θ′￼v



Application with real data - Solution

Given the following instantaneous measurements of potential temperature (θv) and vertical 

velocity (w) in this table, could you fill the remaining blanks?

Measurements Calculations
Index w θv w’ θ’v (w’)2 (θ’v)2 wθv w’θ’v
0 0.5


-

295 0.4 1 0.16 1 147.5 0.4

1 -0.5 293 -0.6 -1 0.36
 1 -146.5 0.6
2 1.0 295 0.9 1 0.81 1 295 0.9
3 0.8 298 0.7 4 0.49 16 238.4 2.8
4 0.9 292 0.8 -2 0.64 4 262.8 -1.6
5 -0.2 294 -0.3 0 0.09 0 -58.8
 0
6 -0.5 292 -0.6 -2 0.36 4 -146 1.2
7 0.0 289 -0.1 -5 0.01 25 0 0.5
8 -0.9 293 -1 -1 1 1 -263.7 1
9 -0.1 299 -0.2 5 0.04 25 -29.9 -1

Average 0.1 294 0 0 0,396 7.8 29.88 0.48

Can you verify the following? wθv = wθv + w′￼θ′￼v
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Wrap up:

Next class:

Computational fluid dynamics applied to urban cases

1. Apply mean averaging rules 

2. Understand basic statistical mean, variance and correlation concepts
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7. One-minute notes (the muddiest point)



The muddiest point

Instructions: go to menti.com enter code: 11564893 

Then reply to the question: what is more unclear for you up 

to now?

http://menti.com


Some basic statistical methods
Reynolds averaging

The previous rules can now be applied to variables that are separated into mean and turbulent 

parts:

2.2.3 Reynolds averaging

The averaging rules we have just overviewed can now be applied to variables that are split into mean and
turbulent parts as we have seen before (U = U + u

Õ). Let A = A + a
Õ and B = B + b

Õ, we can find the mean
value for A:

(A) = (A + aÕ) = A + aÕ æ aÕ = 0 (16)

This is not a surprising result looking at the signal at the bottom of figure 14, which oscillates around the
null value. Similarly, with the product:

(BaÕ) = BaÕ = B0 = 0 (17)

The average of the product of A and B is:

(AB) = (A + aÕ)(B + bÕ)

= AB + aÕB + bÕA + aÕbÕ

= (AB) + aÕB + bÕA + aÕbÕ

= AB + aÕbÕ

(18)

The nonlinear term aÕbÕ is NOT necessarily zero, and neither there are: aÕ2, aÕbÕ2, aÕ2bÕ2. In fact, we will see in
future lessons, that these terms need to be retained to properly model turbulence.

2.2.4 Variance, Standard Deviation and Turbulence Intensity

Variance is an statistical measure of the dispersion of data around the mean, defined as:

‡
2
A = 1

N

N≠1ÿ

t=0
(At ≠ A)2 (19)

If we recall the turbulent part of a turbulent variable as a
Õ = A ≠ A, we can directly derive that the variance

corresponds to the mean turbulent part squared of the signal:

‡
2
A = 1

N

N≠1ÿ

t=0
a

Õ2
t = aÕ2 (20)

The standard deviation is defined as the square root of the variance, thus:

‡A = (aÕ2)1/2 (21)
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• Wind speed changes irregularly, quasi-randomly, which di�erentiates turbulent flow from waves for
example.

• From the signal, we can observe a mean value, or an average wind speed which is around 6m/s in the
first part, and 5m/s in the last end of the signal.

• There is a limited ranges of speed, with a minimum and a maximum value. The amplitude of the signal
is actually larger at the beginning, and more reduced at the end.

2.1 Mean and Turbulent Parts

There is a very easy way to isolate the large-scale variations from the turbulent ones. We can take a signal
from our wind speed measurements over a finite period of time, and we can compute the mean value. To
obtain the turbulent part from the signal (those quasi-random peaks) we can just substract the mean from
the signal, leading to:

u
Õ = U ≠ U (6)
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Figure 15: Wind speed signal, mean and turbulence (fluctuations).

Turbulence, by definition, is a type of motion. And motions, typically cause variations in temperature,
moisture and pollutant fields. Hence, we can partition each of the variables into mean and turbulent parts:

U = U + u
Õ

V = V + v
Õ

W = W + w
Õ

◊v = ◊v + ◊
Õ
v

q = q + q
Õ

c = c + c
Õ

(7)
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• Wind speed changes irregularly, quasi-randomly, which di�erentiates turbulent flow from waves for
example.

• From the signal, we can observe a mean value, or an average wind speed which is around 6m/s in the
first part, and 5m/s in the last end of the signal.

• There is a limited ranges of speed, with a minimum and a maximum value. The amplitude of the signal
is actually larger at the beginning, and more reduced at the end.

2.1 Mean and Turbulent Parts

There is a very easy way to isolate the large-scale variations from the turbulent ones. We can take a signal
from our wind speed measurements over a finite period of time, and we can compute the mean value. To
obtain the turbulent part from the signal (those quasi-random peaks) we can just substract the mean from
the signal, leading to:

u
Õ = U ≠ U (6)
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Figure 15: Wind speed signal, mean and turbulence (fluctuations).

Turbulence, by definition, is a type of motion. And motions, typically cause variations in temperature,
moisture and pollutant fields. Hence, we can partition each of the variables into mean and turbulent parts:

U = U + u
Õ

V = V + v
Õ

W = W + w
Õ

◊v = ◊v + ◊
Õ
v

q = q + q
Õ

c = c + c
Õ

(7)
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